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Abstract

The Hamiltonian of an attractive N-boson system confined on a ring is
diagonalized. The particles have strong correlation as a result of a quantum
phase transition in the strong-interaction phase, where the yrast states are
quasi-degenerate. It is found that a small deformation of the ring will mix
the quasi-degenerate yrast states to form cluster states which break the spatial
symmetry explicitly. The time evolution of the average angular momentum in
an elliptic ring exhibits strong oscillation.

PACS number: 03.75.Hh

1. Introduction

The Bose–Einstein condensation in low dimension has been realized experimentally [1]. With
the use of the Feschbach resonance [2], the formation of matter-wave bright solitons has
also been achieved in experiments [3, 4]. These experimental achievements have stimulated
intensive theoretical studies on atoms confined in quasi-one-dimensional traps [5–13]. In
[5, 6], the one-dimensional Gross–Pitaevskii equation (GPE) in both cases of repulsive and
attractive interaction was solved analytically. For the attractive interaction, based on the
solutions of [6], a quantum phase transition that breaks the translational symmetry is proposed
under the mean-field theory (MFT) [7, 8]. In [9], via a continuous configuration-interaction
approach the authors proved that a state with the translational symmetry can have energy lower
than the symmetry breaking solution of the GPE when N is finite. In the regime of the quantum
phase transition, the particle correlation becomes much stronger and the condensate becomes
fragmented [7]. However, the fragmented condensate tends to approach a single condensate
under a symmetry-breaking perturbation [10]. When the perturbation is sufficiently large, the
ground state begins to localize by superposition of the quasi-degenerate states [11]. In [13],
the author discussed the motion modes in detail and found the low energy spectrum consists
of oscillation bands.
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Table 1. Eigenenergies En with different (kmax, Kmax).

n (3, 60) (4, 60) (4, 70) (5, 70)

1 −41.007 −41.067 −41.101 −41.113
9 −35.793 −35.843 −35.880 −35.891

10 −35.650 −35.698 −35.750 −35.762

In this work, we are interested in the stability of the yrast states, each of which is the
lowest state of a given total angular momentum, in the regime of quantum phase transition.
The ground state and the yrast states of finite angular momenta have been calculated by
diagonalizing the many-body Hamiltonian with the single-particle angular momenta up to 4.
As expected, the yrast states have spatial translational symmetry. In [10], the distribution
of the yrast states in the ground state under a symmetry-breaking perturbation was studied.
Similarly, we expand the mean-field soliton wavefunction in the space spanned by the quasi-
degenerate yrast states to show that the emergence of the bright soliton state is attributed to
the accumulation of yrast states of different angular momenta, which helps to have a better
understanding for the nature of the solution of the GPE. We also investigate the influence of
a symmetry-breaking perturbation introduced by a ring deformation. Differing from [10, 11],
we focus on the mixing dynamics of the quasi-degenerate yrast states. It would be interesting
to realize experimentally the coherent oscillation of huge matter predicted in the present paper.

2. Structural transition

We consider a system of N identical bosons confined on a ring. The bosons have mass m and
attractive contact-potential interaction. Let R be the ring radius and h̄2/(2mR2) be the unit of
energy. The Hamiltonian of the system reads

H = −
∑

i

∂2

∂θ2
i

+
U

2

∑
i �=j

δ(θi − θj ), (1)

where θi is the azimuthal angle of the ith boson and U(<0) denotes the interaction strength.
As shown in [7, 8], the coupling is described by a single dimensionless parameter

γ ≡ −UN

2π
. (2)

Let φk = eikθ /
√

2π be the single-particle state, where a cutoff of k, |k| � kmax is set. Then
the normalized basis in the Fock space can be denoted as |α〉 ≡ |n−kmax , . . . , nkmax〉, where∑

k nk = N , and
∑

k nkk = L is the total angular momentum. Facilitated by the fractional
parentage coefficients [14], the matrix elements of H can be calculated conveniently. Then H
is diagonalized in the space spanned by |α〉, and the low-lying states are worked out.

To make the calculation more efficient, we have limited the kinetic energy of |α〉,Kα =∑
k nkk

2 , not to exceed a maximum value, i.e., Kα � Kmax. Once L, kmax and Kmax are set,
the basis is then determined, and the eigenenergies En(n � 1) can be calculated. Table 1
shows the values of E1, E9 and E10 with different (kmax,Kmax), where N = 100, L = 0 and
γ = 0.7 are assumed. From table 1, (4, 70) is a reasonable choice of (kmax,Kmax) and will be
used in the latter part of this paper.

A pair of particles excited to φ±1 is called a basic pair where both particles rotate in p-wave
but in reverse directions. It was found in [13] that this type of excitation is an elementary
mode for the bosons in a ring with repulsive interaction. The role of these basic pairs in
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Figure 1. The weight of |P (0)〉 in the ground state with respect to γ . Inset: occupation of φ0 in
the ground state. The solid, dashed and dotted lines correspond to N = 50, 100 and 200.

Table 2. The three most important components of the ground state together with their weights
W(j).

γ First Second Third

0.40 |P (0)〉, 0.859 |P (1)〉, 0.119 |P (2)〉, 0.016
0.45 |P (0)〉, 0.754 |P (1)〉, 0.186 |P (2)〉, 0.043
0.50 |P (0)〉, 0.511 |P (1)〉, 0.267 |P (2)〉, 0.125
0.55 |P (3)〉, 0.167 |P (4)〉, 0.155 |P (2)〉, 0.147
0.60 |P (7)〉, 0.115 |P (8)〉, 0.106 |P (6)〉, 0.104

our system with attractive interaction will be clarified. We study first the ground state with
total angular momentum L = 0. The |α〉 that contains j basic pairs with the other N − 2j

particles remaining in φ0 (i.e., not excited), is denoted as |P (j)〉. In particular, |P (0)〉 denotes
the state without any excitation (all particles are in φ0). It turns out that the ground state with
a positive γ (attractive interaction), just as in [13], is dominated by the basic pairs and the
wavefunction is a superposition of |P (j)〉 states, |G〉 ∼ ∑

j aj |P (j)〉. This is shown in table 2
where N = 100 is assumed and the weights (W(j) = |aj |2) of the three most important
components are given. Disregarding what γ is, all the important components belong to the
subspace spanned by |P (j)〉 without exception. It implies that the excitation of particles to
higher partial wave is not important. W(j) changes sharply against γ . When γ is small, |P (0)〉
is dominant. Accordingly, the particles have high probability to distribute uniformly inside
the ring. When γ increases, W(0) reduces as shown in the second column of table 2. When γ

is lying between 0.5 and 0.6,W(0) decreases rapidly. Accordingly, the ground state undergoes
a great change in structure as discussed in [7, 8]. In the framework of the MFT, the change is
a quantum phase transition in which the uniform distribution is replaced by the bright soliton
solution. However, by the direct diagonalization method for a finite number of particles, the
change is rapid but continuous. The dramatic change of W(0) against γ is plotted in figure 1,
where the steep decline is remarkable. It is noted that the steepness depends on N. When N
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increases, the decline becomes steeper and its location is closer to γ = 1/2. One expects
that, as N → ∞, the decline would suddenly take place exactly at the theoretical value 1/2
predicted by the MFT [7, 8], and the associated change of the structure would become a true
phase transition. The inset of figure 1 shows the occupation of φ0 in the ground state. Along
with the steep decline of W(0), the occupation of φ0 also decreases from unity. This implies
that higher single-particle states are macroscopically populated and the condensate becomes
fragmented.

When γ is small, the particle interaction is weak, so the kinetic energy dominates the
total energy. In this case the ground state would do its best to lower the kinetic energy, this
leads to the domination of |P (0)〉 and accordingly a uniform particle distribution. When γ

increases, the relative importance of interaction energy increases as well. Once the interaction
energy takes over the kinetic energy, the ground state would make another choice, namely, to
do its best to lower the interaction energy by a concentration of the particles. This leads to
the breakdown of the translational symmetry and the formation of the bright soliton [7, 8]. In
quantum-mechanical systems, the realization of the concentration is given by the interference
of the partial waves. Since the p-wave is the one with the lowest excitation energy, it is natural
that the ground state would be a superposition of the |P (j)〉 states as shown by the lowest
two rows of table 2. In this case the weights of every |P (j)〉 are quite smoothly distributed
in a wide region of j (e.g., the largest three weights are very close to each other as shown in
table 2). This implies a strong fluctuation of the basic pairs.

The parameter γ also affects the particle correlation. To study this effect, the two-body
density [7, 13] is employed

ρ2(θ1, θ2) =
∫

dθ3 · · · dθN
∗(−→θ )
(
−→
θ ), (3)

where 
(
−→
θ ) is the wavefunction of the state under consideration, with

−→
θ = (θ1, . . . , θN).

Using the fractional parentage coefficients [14], ρ2 can be calculated in the coordinate space
by extracting particles 1 and 2 from |α〉, i.e.,

|α〉 =
∑

k

√
nk(nk − 1)/N(N − 1)φk(1)φk(2)|αk〉

+
∑
ka �=kb

√
nka

nkb
/N(N − 1)φka

(1)φkb
(2)|αkakb

〉 (4)

where |αk〉 is different from |α〉 by replacing nk with nk − 2, |αkakb
〉 is different from |α〉

by replacing nka
and nkb

with nka
− 1 and nkb

− 1, respectively. Figure 2 presents ρ2 as a
function of θ2 for the ground state, with θ1 = 0 given. The results are consistent with a similar
discussion in [7]. The particle correlation is very weak when γ is below the critical point, as
shown in figure 2(a). However, they become much stronger once γ exceeds the critical point,
as shown in figure 2(b), where the dotted curve implies a very strong clustering, namely, all
the particles are close to each other.

3. Yrast states

It is recalled that the condensate wavefunction ψ0(θ) describing the ground state of the system
within the MFT obeys the one-dimensional GPE

(
− ∂2

∂θ2
− 2πγ |ψ0|2

)
ψ0 = μψ0, (5)
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Figure 2. ρ2 as a function of θ2 for the ground state with θ1 = 0 given. (a) γ = 0.4 is given. The
solid, dashed and dotted lines correspond to N = 50, 100 and 200. (b) N = 100 is given. The
solid, dashed and dotted lines correspond to γ = 0.4, 0.5 and 0.6.

Table 3. The eigenenergies of the ground states obtained by direct diagonalization (the second
row) and the MFT (the third row) with different values of γ (the first row) as N = 100 is given.

0.3 0.4 0.5 0.6

Diagonalization −14.936 −19.985 −25.169 −31.790
MFT −15.000 −20.000 −25.000 −31.753

where μ is the chemical potential. For γ � 1/2, ψ0 is a constant [6], while for γ > 1/2, there
is a bright soliton solution [7]. The transition of ψ0 and the ground state are obtained by the
diagonalization of the Hamiltonian (1).

Table 3 shows the eigenenergies of the ground states obtained by the two methods with
different values of γ and with N = 100 given. It is clear that the eigenenergies obtained by
two methods are almost the same for all γ considered here. The many-body wavefunction of
the bright soliton in the coordinate from a constant to a bright soliton at γcr = 1/2 indicates
a quantum phase transition in the system. In the following, we discuss the relation between
the yrast state and the bright soliton state obtained by the MFT representation which reads

(

−→
θ ) = ∏

i ψ0(θi). Since the eigenstates of the Hamiltonian are complete, 
(
−→
θ ) can be

expanded as


(
−→
θ ) =

∑
n,L

CL
n 
L

n , (6)

where 
L
n is the nth eigenstate of angular momentum L, and CL

n is the corresponding
composition coefficient. Since the energy of the bright soliton is close to the ground-state
energy, the bright soliton should be mainly composed of the yrast states (i.e., 
L

1 ). In figure 3,

numerical results of
∣∣CL

1

∣∣2
for γ = 0.55, 0.6 and 0.65 are shown

(
obviously,

∣∣C−L
1

∣∣2 = ∣∣CL
1

∣∣2)
,

where the weights distribute in quite a broad range of L. As γ increases, the distribution
becomes even broader, which means the yrast states with finite L play an important role in the
bright soliton. This behavior is associated with that the shape of the condensate wavefunction
becomes narrower and sharper as γ increases, as shown in the inset of figure 3. The inclusion
of different yrast states counts for the non-uniform spatial wavefunction.

Let E(L) be the eigenenergy of the yrast state of L. To compare with the exact ground
state, we plot (E(L) − E(0))/|E(0)| with respect to L with different γ in figure 4. It is
clear that the yrast state of L = 0 is the exact ground state. The energy increases linearly
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Figure 3. |CL

1 |2 of the yrast states with L = 0 to 10 in the bright soliton with γ = 0.55 (solid), 0.6
(dashed) and 0.65(dotted). The inset shows the condensate wavefunctions of the bright solitons
with the corresponding values of γ .
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Figure 4. (E(L) − E(0))/|E(0)| of the yrast states with L = 0 to 10. Lines from top to bottom
correspond to γ = 0.3, 0.4, 0.5, 0.55 and 0.65, N = 100 is given.

when interaction strength is weak. The energy increase becomes nonlinear and much slower
for larger γ . When γ is above the critical point, the eigenenergies of the first several yrast
states are almost the same, as shown in the two lowest lines in figure 4. It is consistent with
that the ground state is quasi-degenerate in the strong-interaction phase [10]. The energy
gap between the ground and first excited states tends to disappear as particle interaction
increases.
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4. Cluster states

Consider a ring having a small geometric deformation that breaks the spatial translational
symmetry, e.g., an elliptic ring whose curvature is

κ(θ) =
√

1 + η

(1 + η sin2 θ)3/2
, (7)

where θ is the azimuthal angle and η > 0 is a small quantity. Its effect on the condensate can be
estimated approximately by the degenerate perturbation theory. The perturbative Hamiltonian
due to the deformation reads [15]

H ′ = −1

4

∑
i

(κ2(θi) − 1). (8)

The Hamiltonian is invariant in two transformations: (1) θ → θ + π ; (2) θ → −θ . They are
referred to as I-parity and P-parity transformations. Therefore, the state space is divided into
four invariant subspaces according to the (I, P ) parity of the states, where (I, P ) = (±,±).
The subspace of yrast states can be spanned by the parity conserved bases

f +
0 = 
0

1 , f ±
L = 1√

2

(

L

1 ± 
−L
1

)
, (9)

where L � 1 is assumed. The states f ±
L have parities ((−1)L,±). The state f −

0 does not
exist.

As discussed above, the first several yrast states are quasi-degenerate when γ > γcr . The
proper zero-order wavefunctions of parity (I, P ) are linear combinations of f -bases of the
same parity

χ++ =
∑
n=0

β++
2n f +

2n, χ+− =
∑
n=1

β+−
2n f −

2n,

χ−+ =
∑
n=0

β−+
2n+1f

+
2n+1, χ−− =

∑
n=0

β−−
2n+1f

−
2n+1,

(10)

where β
I,P
L are the composition coefficients. The nonzero matrix elements of H ′ are s =〈

f +
1

∣∣H ′∣∣f +
1

〉 = −〈
f −

1

∣∣H ′|f −
1

〉
, uL,L+2l = 〈

f +
L

∣∣H ′∣∣f +
L+2l

〉 = 〈
f −

L

∣∣H ′∣∣f −
L+2l

〉
(l is a positive

integer), and their complex conjugates. These matrix elements can be calculated when the
yrast states are known. For a small deformation, to the first order of η, only elements of l = 1
remain. Then uL,L+2 and s are proportional to η.

For simplicity, here we only consider the lowest nine yrast states with |L| � 4. The parity
conserved bases for this subspace are f +

0 and f ±
L with L = 1–4. The main finding will be still

valid if more yrast states are included. The subspaces (+, +), (+,−), (−, +) and (−,−) have
base sets

{
f +

0 , f +
2 , f +

4

}
,
{
f −

2 , f −
4

}
,
{
f +

1 , f +
3

}
and

{
f −

1 , f −
3

}
, respectively. To the first order

of η, the energy corrections are

E++
1,2 = ∓

√
|u02|2 + |u24|2, E++

3 = 0;
E+−

1,2 = ∓|u24|;
E−+

1,2 = 1
2

(
s ∓

√
4|u13|2 + s2

);
E−−

1,2 = 1
2

(−s ∓
√

4|u13|2 + s2
)
.

(11)
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Figure 5. The single-particle densities of the proper zero-order wavefunctions under the
perturbative deformation of the ring, γ = 0.65, N = 100.

The corresponding wavefunctions are

χ++
1,2 = 1√

2

( |u02|∣∣E++
1

∣∣f +
0 ∓ f +

2 +
|u24|∣∣E++

1

∣∣f +
4

)
, χ++

3 = − |u24|∣∣E++
1

∣∣f +
0 +

|u02|∣∣E++
1

∣∣f +
4 ;

χ+−
1,2 = 1√

2

(
f −

2 ± f −
4

);
χ−+

1,2 = E−+
1,2√(

E−+
1,2

)2
+ 4|u13|2

f +
1 +

2|u13|√(
E−+

1,2

)2
+ 4|u13|2

f +
3 ;

χ−−
1,2 = E−−

1,2√(
E−−

1,2

)2
+ 4|u13|2

f −
1 +

2|u13|√(
E−−

1,2

)2
+ 4|u13|2

f −
3 .

(12)

The notation should be self-understandable.
Numerically, it is not difficult to include the higher order corrections to the energies. For

instance, the condensate of N = 100, with γ = 0.65 in a deformed ring with η = 0.21
is calculated. The reduced single-particle density of χI,P

n is plotted in figure 5, which
clearly shows the cluster structure with breaking spatial symmetry. Figure 5 shows that
the particles tend to concentrate at the ends of the two orthogonal axes except for the case

8
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Figure 6. Time evolution of the average angular momentum under a perturbative deformation of
the ring. Parts (a)–(c) correspond to different initial states from 
1

1 to 
3
1 with γ = 0.65. Part (d)

corresponds to the initial state 
2
1 with γ = 0.45. t is in unit of 2mR2/h̄, N = 100.

of χ++
3 . The two-peak cluster of χ++

1 is expected to be the stablest state under the geometric
perturbation.

With the proper zero-order wavefunctions, one is able to calculate the probabilities of
transitions between different yrast states after the perturbative deformation is turned on.
Assume that the condensate is in 


L0
1 at time t = 0, and the perturbative deformation is turned

on suddenly. Then the probability of the condensate being in 
L
1 at time t > 0 takes the

form

PL,L0(t) =
∣∣∣∣∣
∑
P,n

(
A

I,P,n
L0

)∗
A

I,P,n
L exp

(−iEI,P
n t

)∣∣∣∣∣
2

, (13)

where I = (−1)L0 , A
I,P,n
L are the composition coefficients of 
L

1 in χI,P
n , which are given

by inserting (9) into (10) and making use of (12), EI,P
n are given by (11) and t is in unit of

2mR2/h̄. The angular momentum L should have the same I-parity as L0, or the transition is
forbidden. Furthermore, the average angular momentum of the condensate at time t can be
expressed as

〈L(t;L0)〉 =
∑
L

LPL,L0(t). (14)

It is obvious that 〈L(t;−L0)〉 = −〈L(t;L0)〉 and 〈L(t; 0)〉 = 0. For L0 �= 0, figures 6(a)–(c)
show the time evolution of 〈L(t;L0)〉 with L0 arranged from 1 to 3. It is remarkable that
〈L(t;L0)〉 undergoes an irregular oscillation with a large amplitude. This is a remarkable
physical effect of the quantum phase transition on the condensate. As a result of the quasi-
degeneration of the yrast states, they mix together strongly under even small perturbation,

9
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which leads to the strong fluctuation of 〈L(t;L0)〉. For γ < γcr , the energy differences
between different yrast states are relatively large, the probabilities of transitions between them
are consequently very small. As shown in figure 6(d), for γ = 0.45, the fluctuation is about
two orders smaller than that of γ = 0.65.

In principle, low lying states 
L
n with n > 1 other than the yrast states might be mixed

up under a larger perturbation. This enables the transition from the quasi-degenerate ground
band to low excited bands and leads to a more complex mixing dynamics.

To observe the angular momentum oscillation, one should first prepare a vortex state with
L �= 0 in a symmetric ring. It would be easier to realize the vortex state in the non-critical
regime (γ < γcr) where the yrast states are not degenerate. Then the coupling is tuned to a
value larger than γcr and modify the trap to a elliptic ring.

5. Conclusion

In summary, we have studied the N-boson system confined on the ring with attractive interaction
between the particles. By diagonalizing the many-body Hamiltonian, we investigated the
ground state and the yrast states, with interest in the quantum phase transition driven by
the coupling parameter γ . The probability of all atoms remaining in zero momentum drops
dramatically as γ exceeds the critical point, which signals the quantum phase transition. The
two-body correlation shows that the particles have large tendency to concentrate in space if
γ is larger than the critical value. However, the yrast states still have the spatial symmetry.
The symmetry breaking phenomenon, i.e., the clustering in the strong-interaction phase is
attributed to the superposition of the yrast states of small L that are quasi-degenerate with
the exact ground state. This can be seen more clearly by introducing the perturbation of
the geometric deformation that splits the quasi-degenerate yrast states. The reduced single-
particle densities exhibit cluster structures where the spatial symmetry is explicitly broken.
Due to the perturbation, the yrast states with given angular momenta will mix together in
the evolution, and the average angular momentum of the condensate will oscillate strongly.
The remarkable mixing dynamics due to the quantum phase transition may be observed
in the future experiments since the mixing is strong when the yrast states become quasi-
degenerate.
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